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Thermal Buckling of Rotating
Orthotropic Annular Plates

ERNEST B. UTHGENANNT*
United Aircraft Corporation, East Hartford, Conn.

Introduction

THE literature dealing with thermal buckling of circular
plates is, indeed, very scarce. Mansfield1 considered the

buckling of a heated circular plate subjected to a tempera-
ture which varies parabolically in its plane. Sarkar2 dealt
with the buckling of a circular plate under inplane com-
pression and subjected to temperature distributions along the
radius and through the thickness of the plate. Bogdanoff,
et al.,3 determined whether a given radial temperature gradi-
ent will cause lateral buckling of a rotating disk. In this
Note the thermal gradient required to cause buckling of a
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O CRITICAL COMPRESSIVE BUCKLING LOADS WITHOUT
THERMAL AND ROTATIONAL EFFECTS - ALSO
CALCULATED BY METHOD DESCRIBED IN REF 4
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Fig. 1 Thermal buckling parameter vs in-plane loading
parameter (neglecting rotational effects).
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rotating orthotropic annular plate is calculated. The plate is
also subjected to an external pull load applied at the outer
periphery of the plate. A constant thickness plate is con-
sidered; however, the method described in this Note can
easily be extended to include plates of variable thickness.

Analysis

The governing axisymmetric equation in terms of the
deflection w and the stresses ar and CTQ, including rotational
effects, is

Aw = (h/Dr)(o-rd*w/dr* + ae(l/r)(dw/dr) +
yw*rdw/dr) (1)

where

A = dVtfr4 + (2/r)(d»Afr3) - P/r*[d*/dr* - (l/r)(d/dr)]
r,0 = radial and circumferential coordinates, respectively,
Dr = Erh*/I2(l - vrover), P = #0/#r, E9,Er = moduli of
elasticity in the circumferential and radial directions, respec-
tively, vro,ver = Poisson's ratios, h = plate thickness, y =
mass density, co == rotational velocity.

The stresses, including a parabolic radial temperature distri-
bution and rotational effects, are given by

(2)

0-0 = rd(7r/dr

where: a = coefficient of thermal expansion assumed to be
directionally independent; g = temperature gradient coeffi-
cient; $ 7* 3; Ci and C% are determined from the loading
conditions at the inner edge (r = b) and the outer edge (r =
a).

Substituting the stresses into Eq. (1) and writing the result-
ing equation in nondimensional form gives

IP
dw

V = A with p substituted for r; C3 = Cial+fth/Dr',
(3 + Vro)yo>*ha'/[Dr(9 - /32)]; X =

where
ri __ _

E*xgW/[Dr(9 -V)]; p'= 'r/'a.
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Fig. 3 Thermal buck-
ling parameter vs ro-

tational parameter.
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Fig. 4 Thermal buck-
ling parameter vs in-
plane loading parame-

ter.
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The loading conditions, of particular interest to the present
investigation are ov = 0 at r = b, ov = F at r = a. Using
Eq. (2), the constants of integration become C$ = (Al +
XA3)/A5,C4 = • (A2 + XA4)/A5, where Al = [(¥. + ^c"^-1

- ^c2)/A5, A2 = [^(c2 - c^"1) - ^~1]/A5> A3 =
(c-'3-1 - c2)/A5, A4 = (c2 - cf-l)/A5, A5 = c^"1 -
c*-1, c = 6/aj 0 = Fa*h/Dr.

Nontrivial solutions of Eq. (3) exist for particular values of
the eigenvalue X. The first eigenvalue determines the lowest
critical thermal gradient coefficient for incipient buckling.

Method of Solution

The technique employed to solve Eq. (3) closely follows
that given in Ref. 4. Writing Eq. (3) in finite-difference form
and collecting coefficients of terms with like subscripts gives

-\-
\(WiFi + +

+ Wi-iD
Hi) = 0

+
i = 1 n (4)

where At = 6 A4 - 2AAi/t2, Bt- = -4 A4 - 2/t*Pi + AAi/tz

+ BBi/2t, d = I/*4 + l/t*pi, Di = 4 A4 -H 2/t*pi + AA,-/*2

+ BB</2t, Ei = I/*4 - 1/J'p,-, Fi = 2Cd/t2, ft = Cd/t* +
DD</2t, Hi = Cd/tz - DDi/2t, A A, = -pf~lA\ -

H-

Equation (4) can be written in matrix form as

where [C] = [M^^N], [I] = identity matrix, [M] =
matrix whose elements are A ; — Ei, [N ] = matrix whose ele-
ments are Fi, ft, and Hi, (w) = column vector of the dis-
placements.

The boundary conditions for the deflection determine the
first two and last two rows of matrix [M] and the first and
last rows of matrix [N]. To determine the first eigenvalue X
the Vianello-Stodola method5 was employed and the com-
putations involved were performed on a digital computer.

Results

The critical thermal gradients were determined for a simply-
supported plate and for a plate fixed at the inner edge and
simply-supported at the outer edge. The nondimensional
parameters are, X the thermal gradient coefficient, ̂  the rota-
tional term, $ the external load, b/a the ratio of inner to
outer radius and /32 the ratio of the moduli. In all calcula-
tions Poisson's ratios, vre = VQV = 0.3 is used. Figure 1 gives
the thermal gradient coefficients as a function of external
load, neglecting the rotational term (^ = 0). For a con-
stant temperature distribution (X = 0) the external loads are
shown to agree with the critical buckling loads (—$) deter-
mined by the methods described in Ref. 4. The thermal
gradient coefficients as a function of b/a are given in Fig. 2
and illustrate the great increase in thermal gradient required
for buckling as the annular plate approaches a ring. Com-
paring Figs. 3 and 4 shows that the stiffening influence of the
rotational velocity (>£) is substantially less than the stiffening
influence of the external load. Each figure shows the pro-
nounced effect of the orthotropic nature of the material upon
the buckling thermal gradients and illustrates the importance
of including the orthotropicity of the material in analyses.
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